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The concept of the entanglement between spin and orbital degrees of freedom plays a crucial role
in understanding various phases and exotic ground states in a broad class of materials, including
orbitally ordered materials and spin liquids. We investigate how the spin-orbital entanglement in a
Mott insulator depends on the value of the spin-orbit coupling of the relativistic origin. To this end,
we numerically diagonalize a 1D spin-orbital model with the ‘Kugel-Khomskii’ exchange interactions
between spins and orbitals on different sites supplemented by the on-site spin-orbit coupling. In
the regime of small spin-orbit coupling w.r.t. the spin-orbital exchange, the ground state to a large
extent resembles the one obtained in the limit of vanishing spin-orbit coupling. On the other hand,
for large spin-orbit coupling the ground state can, depending on the model parameters, either still
show negligible spin-orbital entanglement, or can evolve to a highly spin-orbitally entangled phase
with completely distinct properties that are described by an effective XXZ model. The presented
results: (i) explain how the spin-orbital entanglement can be induced by large on-site spin-orbit
coupling, as found in the 5d transition metal oxides, such as the iridates; (ii) suggest that for
Mott insulators with weak spin-orbit coupling, such as e.g. the 3d or some of the 4d transition
metal oxides, the effects of the spin-orbit coupling on the ground state can, in the first order of
approximation, be neglected.
I. INTRODUCTION
A. Interacting Quantum Many-body Systems:
Crucial Role of Entanglement
One of the main questions for a quantum interact-
ing many-body system concerns the nature of its ground
state. Perhaps the most fundamental question that can
be formulated here is as follows: Can the eigenstates of
such a system be written in terms of a product of the ‘lo-
cal’ (e.g. single-site) basis states? If this is the case, then
the ground state can be understood using the classical
physics intuition. Moreover, the low lying excited states
can then be described as weakly interacting quasiparti-
cles, carrying the quantum numbers of the constituents
forming the system. Such physics is realized, for instance,
by the ions in conventional crystals, spins in ordered mag-
nets, or electrons in Fermi liquids [1].
An interesting situation occurs, however, when the an-
swer to the above question is negative and we are left with
a ‘fully quantum’ interacting many-body problem [2, 3].
In this case, the classical intuition fails, numerical de-
scription of the ground state may become exponentially
difficult, and the low lying eigenstates cannot be de-
scribed as weakly interacting quasiparticles. This can,
for example, be found in the spin liquids stabilized in the
one-dimensional (1D) or highly frustrated magnets [4] or
incommensurate electronic systems with strong electron
interactions (the so-called non-Fermi liquids) [5]. In fact,
a large number of condensed matter studies are nowadays
devoted to the understanding of such ‘exponentially dif-
ficult’ problems.
A way to characterize the fully quantum interacting
many-body problem is by introducing the concept of en-
tanglement [6–8] and then by defining interesting aspects
of its quantum structure through the entanglement en-
tropy [9]. It is evident that studying entanglement always
requires first a definition of what is entangled with what,
i.e., specifying the division of the system into the sub-
systems that may become entangled. Perhaps the most
widely performed division has so far concerned splitting a
lattice spin system into two subsystems in real space [10].
Such studies enabled to identify the relation between the
entanglement of the spin system, its scaling with the sys-
tem size, and the product nature of the ground state, cf.
Refs. [10–16].
B. Spin-Orbital Entanglement in
Transition Metal Compounds
Transition metal oxides involve often numerous com-
peting degrees of freedom. Examples are the three-
dimensional (3D) ground states of LaTiO3, LaVO3,
YVO3, Ba3CuSb2O9 [17–22], where spin and orbital de-
grees of freedom are intertwined and entangled. A similar
situation occurs in MnP [23], the first Mn-based uncon-
ventional superconductor under pressure, and in some
two-dimensional (2D) model systems [24–26]. In all these
cases the ground state can only be explained by invok-
ing the joint spin-orbital fluctuations. Consequently, the
mean field decoupling separating interactions into spin
and orbital degrees of freedom fails and cannot be used.
In this paper we study the spin-orbital entanglement
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2which manifests itself when a quantum many-body sys-
tem with interacting spin and orbital degrees of freedom
is split into the subsystems with separated degrees of
freedom, i.e., one attempts to write interacting spin and
orbital wave functions separately [27–29]. The concept of
entanglement has been first introduced in these systems
to understand the violation of the so-called Goodenough-
Kanamori rules [30, 31] in the ground states of several
transition metal oxides with partially filled 3d orbitals,
strong intersite spin-orbital (super)exchange interactions
but typically negligible value of the on-site spin-orbit cou-
pling. It was also realized that entanglement is impor-
tant to understand the excited states where spin and or-
bital variables are intertwined. Good examples are the
temperature evolution of the low energy excitations in
LaVO3 [32, 33] and the renormalization of spin waves
by orbital tuning in spin-orbital systems with the weak
interactions with the lattice [34]. Furthermore, the spin-
orbital entanglement is also crucial to understand the
first unambiguous observations of the collective orbital
excitation (orbiton) in Sr2CuO3 and CaCu2O3 [35, 36]
and their interpretation in terms of the spin and orbital
separation in a 1D chain [37–39].
Crucially, the spin-orbital entanglement is expected
as well in the oxides with strong on-site spin-orbit
coupling—probably best exemplified by the partially
filled 4d and 5d orbitals as found in the ruthenium and
iridium oxides [40, 41], or in the recently discovered 5d Ta
chlorides [42]. For instance, the concept of spin-orbital
entanglement was recently invoked to understand the
inelastic x-ray spectrum of Sr3NiIrO6 [43], the ground
state of H3LiIr2O6 [44] or, in a different physical set-
ting, the photoemission spectra of Sr2RuO4 [45, 46].
Interestingly, the peculiarities of the interplay between
the strong on-site spin-orbit coupling and the spin-
orbital (super)exchange interactions allowed for the on-
set of several relatively exotic phenomena in this class of
compounds—such as a condensed matter analogue of a
Higgs boson in Ca2RuO4 [47, 48] or the strongly direc-
tional, Kitaev-like, interactions between the low energy
degrees of freedom (pseudospins) in some of the iridates
or ruthenates on a quasi-2D honeycomb lattice (Na2IrO3,
Li2IrO3, α-RuCl3, H3LiIr2O6) [44, 49, 50]. The latter
might to some extent be described by the exactly solv-
able Kitaev model on the honeycomb lattice which, in-
ter alia, supports the onset of a novel spin-liquid ground
state with fractionalized ‘Majorana’ excitations [51].
C. Main question(s) and organization of the paper
It may come as a surprise that the concept of the spin-
orbital entanglement has so far been rigorously investi-
gated only for the systems where the spins and orbitals at
neighboring sites interact, as a result of the spin, orbital
and spin-orbital (super)exchange processes in Mott insu-
lators [27–29, 52–57]. This case is physically relevant to
all Mott insulators with negligible spin-orbit coupling of
relativistic origin and with active orbital degrees of free-
dom [58]—e.g. to the above mentioned case of transition
metal oxides with partially filled 3d orbitals.
On the other hand, to the best of our knowledge,
such analysis has not been done for the systems with
strong on-site coupling between spins and orbitals [59]—
as in the above-discussed case of the transition metal
oxides with partially filled 4d and 5d orbitals and strong
spin-orbit coupling. In this case one typically implic-
itly assumes that the spin-orbital entanglement should
be nonzero, since the spin S and orbital L operators cou-
ple at each site into a total angular momentum J = S+L
[60]. The latter, ‘spin-orbital entangled’ operators (also
called pseudospins), then interact as a result of the (su-
per)exchange processes in the ‘relativistic’ Mott insula-
tors and are best described in terms of various effective
pseudospin models, such as for example the Kitaev-like
model discussed above [61]. Finally, very few studies dis-
cuss the problem of the evolution of a spin-orbital sys-
tem between the limit of weak and strong spin-orbit cou-
pling [62–65].
Here we intend to bridge the gap between the under-
standing of the spin-orbital physics in the above two lim-
its. We ask the following questions: (i) what kind of evo-
lution does the spin-orbital entanglement develop with
increasing spin-orbit coupling? (ii) can one always as-
sume that in the limit of strong spin-orbit coupling the
spin-orbital entanglement is indeed nonzero? (iii) how
does the spin-orbital entanglement arise in the limit of
the strong spin-orbit coupling?
To answer the above questions we formulate a mini-
mal 1D model with S = 1/2 spin and T = 1/2 orbital
(pseudospin) degrees of freedom. The model has the
SU(2)⊗SU(2) intersite interactions between spins and or-
bitals which are supplemented by the on-site spin-orbit
coupling of the Ising character—its detailed formulation
as well as its relevance is discussed in Sec. II. Using exact
diagonalization (ED), the method of choice described in
Sec. III, we solve the 1D model and evaluate the vari-
ous correlation functions used to study the entanglement.
Next, we present the evolution of the ground state prop-
erties as a function of the model parameters: in Sec. IV A
for all three different values of the model parameters,
and in Sec. IV B for a specific choice of the relation be-
tween the two out of the three model parameters. We
then show two distinct paths of ground state evolution in
Secs. IV B 1 and IV B 2. We discuss obtained numerical
results utilizing mapping of the model onto an effective
XXZ model in Sec. V, which is valid in the limit of the
strong on-site spin-orbit coupling. We use the effective
model to understand: (i) how the spin-orbital entangle-
ment sets in the model system and (ii) how it depends
on the value of the on-site spin-orbit coupling constant λ.
The paper ends with the conclusions presented in Sec. VI
and is supplemented by an Appendix which discusses in
detail the mapping onto the effective XXZ model in the
limit of large spin-orbit coupling λ > λCRIT [λCRIT to be
discussed in Sec. IV B].
3II. MODEL
In this paper we study a spin-orbital model H defined
in the Hilbert space spanned by the eigenstates of the
spin S = 1/2 and orbital (pseudospin) T = 1/2 operators
at each lattice site of a 1D chain with periodic bound-
ary conditions. The model Hamiltonian consists of two
qualitatively distinct terms,
H = HSE +HSOC. (1)
The first term HSE describes the intersite (su-
per)exchange interactions between spins and orbitals.
The spin-orbital (‘Kugel-Khomskii’) exchange reads,
HSE = J
∑
i
[(Si · Si+1 + α) (Ti ·Ti+1 + β)− αβ] , (2)
where J > 0 is the exchange parameter and the con-
stants α and β are responsible for the relative strengths
of the individual spin and orbital exchange interactions.
This 1D SU(2)⊗SU(2) symmetric spin-orbital Hamilto-
nian has been heavily studied in the literature—it is ex-
actly solvable by Bethe Ansatz at the SU(4) point, i.e.,
when α = β = 1/4 [66–68], has a doubly degenerate
ground state at the so-called Kolezhuk-Mikeska point
α = β = 3/4 [69, 70], and was studied using various
analytical and numerical methods for several other rele-
vant values of {α, β} parameters [39, 71–75]. In partic-
ular, the entanglement between spin and orbital degrees
of freedom in such a class of Hamiltonians is extremely
well-understood [29, 52]. This, as already mentioned
in Introduction, constitutes the main reason behind the
choice of this form of spin-orbital intersite interaction.
Last but not least, it was suggested that this model may
describe the low-energy physics found in NaV2O5 and
Na2Ti2Sb2O [72], CsCuCl3 and BaCoO3 [76], as well as
in the artificial Mott insulators created in optical lat-
tices [77, 78] and the so-called Coulomb impurity lat-
tices [79].
The second term in the studied Hamiltonian (1) de-
scribes the on-site interaction between the spin and or-
bital degrees of freedom and reads
HSOC = 2λ
∑
i
Szi T
z
i . (3)
Here the parameter λ measures the strength of the on-
site spin-orbit coupling term (of relativistic origin). The
above Ising form of the spin-orbital coupling was chosen
as the simplest possible and yet nontrivial one. Moreover,
exactly such a form of the spin-orbit coupling is typically
realised in systems with two active orbitals. This is the
case of e.g. the active t2g doublets in YVO3 [80] and
Sr2VO4 [81], the molecular pi orbitals of KO2 [82], or on
optical lattices. In fact, such a highly anisotropic form of
spin-orbit coupling is valid for any system with an active
orbital doublet, either two p (px and py) or two t2g (xz
and yz) orbitals.
III. METHODS AND CORRELATION
FUNCTIONS
As we are interested in quantum entanglement,
and moreover, the exchange Hamiltonian (2) itself
bears a rather complex quantum many-body term
∝ (SiSj)(TiTj), we opt for the exact diagonalization
(ED) method which preserves the quantum fluctuations
in the numerical ground state. We calculate the prop-
erties of the ground state of model (1) on finite chains
with periodic boundary conditions. We utilize chains of
length L = 4n sites, where n is an integer number, in or-
der to avoid a degenerate ground state appearing in the
case of a (4n + 2)–site chain (see Table 1 of Ref. [67]).
For chains L = 4 a standard full ED procedure is per-
formed, while for L = 8 and L = 12 sites we restrict the
ED calculations to the Lanczos method [83].
To capture the changes in the ground state of the spin-
orbital model at increasing spin-orbit coupling λ, we de-
fine and investigate the following correlation functions
which will be used, besides the von Neumann spin-orbital
entanglement entropy [84], to monitor the evolution of
the ground state with changing model parameters:
(i) The intersite spin-orbital correlation function CSO:
CSO = 1
L
L∑
i=1
〈(Si · Si+1) (Ti ·Ti+1)〉
− 1
L
L∑
i=1
〈Si · Si+1〉 〈Ti ·Ti+1〉, (4)
which measures the intersite (nearest neighbor) correla-
tion between the spin and orbital degrees of freedom and
has already been used in the literature as a good qualita-
tive estimate for the von Neumann spin-orbital entangle-
ment entropy [55, 56]. This correlator can also be used to
monitor the failure of the mean-field decoupling between
the spins and orbital pseudospins once CSO 6= 0 [27].
(ii) The intersite spin S or orbital T correlation func-
tion,
S =
1
L
L∑
i=1
〈Si · Si+1〉 , (5)
T =
1
L
L∑
i=1
〈Ti ·Ti+1〉 , (6)
which measures the intersite (nearest neighbor) correla-
tion between the spin (orbital) degrees of freedom and
is therefore sensitive to the changes in the ground state
properties taking place solely in the spin (orbital) sub-
space. We emphasize that these two functions are defined
on equal footing in the model with SU(2)⊗SU(2) spin-
orbital superexchange.
(iii) The γ–component Sγγ of spin scalar product:
Sγγ =
1
L
L∑
i=1
〈
Sγi S
γ
i+1
〉
, (7)
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FIG. 1. The von Neumann spin-orbital entanglement entropy, SvN (9), calculated using ED on L = 4–site chain for the
spin-orbital model Eq. (1) and for the increasing values of the spin-orbit coupling λ: (a) λ/J = 0, (b) λ/J = 0.1, and (c)
λ/J = 106.
where γ = x, y, z. This function measures the component
γ of the scalar product and thus allows one to investigate
possible anisotropy of the intersite (nearest neighbor)
correlations between the spin degrees of freedom. The
orbital scalar product component T γγ is defined analo-
gously to Eq. (7).
(iv) Crucial for the systems with finite spin-orbit cou-
pling is the on-site spin-orbit correlation function OSO:
OSO = 1
L
L∑
i=1
〈Szi T zi 〉 , (8)
which measures the correlations between the z compo-
nents of the spin and orbital operators on the same site.
The precise form of this correlator is dictated by the Ising
form of the spin-orbit coupling present in Hamiltonian
(1). Conveniently, the function (8) is one of the gener-
ators of the SU(4) group [68], which proved to be quite
useful for examining the range of the SU(4)–symmetric
ground state.
IV. NUMERICAL RESULTS
A. von Neumann entropy in a general case
The main goal of this paper is to determine how
the spin-orbital entanglement changes in the spin-orbital
model (1) upon increasing the value of the spin-orbit cou-
pling λ. To this end, we first define the entanglement
entropy calculated for a system that is bipartitioned into
two subsystems: A and B. Typically such a subdivision
refers to two distinct parts of the real [10–13] or momen-
tum [16] space. Here, however, it concerns spin (A) and
orbital (B) degrees of freedom [27–29, 53].
A standard measure of the entanglement entropy be-
tween subsystems A and B in the ground state |GS〉 of
a system of size L is due to von Neumann [84]. It is
defined as SvN = −TrA{ρA ln ρA}/L, and is obtained by
integrating the density matrix, ρA = TrB |GS〉〈GS| over
subsystem B. Consequently, in this paper we use the
following definition of the von Neumann spin-orbital en-
tanglement entropy:
SvN = − 1
L
TrS{ρS ln ρS}, (9)
where
ρS = TrT |GS〉〈GS| (10)
is the reduced (spin-only–S) density matrix with the or-
bital (T ) degrees of freedom integrated out.
The spin-orbital von Neumann entropy is calculated
using ED on L–site chain for model (1) and is shown as
function of the parameters {α, β} for three representative
values of the spin-orbit coupling λ in Fig. 1. (While the
results shown in Fig. 1 are obtained on an L = 4 chain,
by calculating von Neumann entropy for the representa-
tive values of model parameters, we have verified that the
phase diagram on an L = 8 chain is qualitatively simi-
lar.) In perfect agreement with Refs. [29, 52], the von
Neumann entropy SvN is finite in a rather limited region
of the {α, β} parameters for λ = 0, i.e., in the entan-
gled spin-orbital phase near the origin α = β = 0. The
nonzero entanglement in that case is well-understood and
attributed to the onset of the dominant antiferromag-
netic (AF) and alternating orbital (AO) fluctuations in
the ground state without broken symmetry [29, 52], see
discussion below in Sec. IV B 3.
Interestingly, a finite but ‘small’ spin-orbit coupling
λ < λCRIT (λCRIT discussed in detail in Sec. IV B)
does not substantially increase the region in the {α, β}–
parameter space for which the spin-orbital entropy is
nonzero cf. Figs. 1(a) and 1(b). A drastic change in the
5behavior of the spin-orbital von Neumann entropy only
happens for the dominant spin-orbit coupling λ > λCRIT.
In this case the region of nonzero spin-orbital entangle-
ment is not only much larger but also takes place for
different values of the {α, β}–parameter space. For in-
stance, it is remarkable that the von Neumann entropy
in the case of λ > λCRIT almost does not depend on α
along the lines of constant α+β. Moreover, finite entan-
glement is activated when α + β > −1/2—however, the
value of the von Neumann entropy strongly decreases for
α and β located ‘above’ the stripe given by the inequali-
ties −1/2 ≤ α + β ≤ 2 and showing the highest value of
entropy. In fact, it will be later shown (see Sec. V) that
the von Neumann entropy is expected to vanish in the
limit of α+ β →∞.
Altogether, we observe that: (i) in the limit of small
λ < λCRIT the spin-orbital entanglement entropy does
not change substantially w.r.t. the case with vanishing
spin-orbit coupling; (ii) in the limit of large λ > λCRIT
the spin-orbital entanglement can become finite even if
it vanishes for λ = 0; though it can also happen that
(iii) in the limit of large λ > λCRIT the spin-orbital en-
tanglement vanishes when α+ β < −1/2.
B. von Neumann entropy for β = −α:
Two distinct evolutions for increasing λ
In order to better understand the physics behind the
observations (i) and (ii) discussed in the end of the pre-
vious subsection, here we study in great detail the onset
of the spin-orbital entanglement once β = −α. As shown
in Fig. 1, for these values of the model parameters the
region of the nonzero spin-orbital entanglement increases
dramatically with the increasing value of the spin-orbit
coupling λ.
We present in Fig. 2 the von Neumann spin-orbital en-
tanglement entropy SvN (9) and the three spin-orbital
correlation functions in the ground state of Hamiltonian
(1) with α = −β, calculated using ED on an L = 8-site
chain. We begin the analysis by comparing the values of
the three spin-orbital correlation functions (4), (8), and
(5) against the von Neumann spin-orbital entanglement
entropy, see Figs. 2(b), 2(c), and 2(f). We observe that
only the intersite spin-orbital correlation function CSO
can be used as a qualitative measure for the von Neu-
mann entropy, consistent with previous studies [55, 56].
In particular, the on-site spin-orbit correlation function
OSO cannot be used to ‘monitor’ the entanglement en-
tropy, for it measures the correlations between spins and
orbitals locally and on the Ising level only. Nevertheless,
both OSO as well as S can be used to identify various
quantum phases obtained in the {α, λ} parameter space
of the Hamiltonian, as suggested before for system with
negligible spin-orbit coupling [56].
Next, we study the evolution of the von Neumann spin-
orbital entanglement entropy with increasing spin-orbit
coupling λ for various values of the parameter α, see
Fig. 2(a). We observe that in the representative α ∈
[−1, 1] interval there exist three distinct regimes of the
value of the von Neumann entropy: (i) two compact areas
in the {α, λ} parameter space for which the von Neumann
entropy is vanishingly small, which exist in the large pa-
rameter range of |α| >∼ 0.1 and λ/J <∼ 10−1 − 100 [the
bottom left and bottom right parts of panel Fig. 2(a)];
(ii) one compact area in the (α, λ) parameter space for
which the von Neumann entropy takes maximal possi-
ble values, which exists in the large parameter range
λ/J >∼ 10−1−101 for all values of α [the top part of panel
Fig. 2(a)]; (iii) the compact area in the {α, λ} parame-
ter space for which the von Neumann entropy is neither
negligible nor takes maximal value, which exists in the
relatively small parameter range between cases (i) and
(ii). In order to understand the onset of these three dis-
tinct regimes, we study below two qualitatively different
cases of the von Neumann entropy evolution with the in-
creasing spin-orbit coupling: case ‘A’ with |α| = 0.5 and
case ‘B’ with α = 0 [shown with dashed lines in Fig. 2(a)].
1. From a product state to highly entangled state
When |α| = 0.5 (case A) the evolution of the von
Neumann spin-orbital entanglement entropy SvN with in-
creasing spin-orbit coupling can be well-approximated by
a logistic function, see Fig. 2(d). The von Neumann en-
tropy shows infinitesimally small values for λ/J <∼ 10−1,
experiences a rapid growth for λ/J ∼ (10−1 − 101), and
saturates at ca. 0.5 for λ/J >∼ 101. Comparable behav-
ior is observed for the intersite spin-orbital correlation
(CSO), which, as already discussed, is a good and compu-
tationally not expensive qualitative measure for the von
Neumann entropy, see Fig. 3(a, c, e). Crucially, the lat-
ter calculations are obtained for the spin-orbital chains
of different length and [as well-visible in Fig. 3(a, c,
e)] show relatively small finite-size effects. This means
that indeed the von Neumann entropy SvN depends here
mainly on short-range processes and can remain negligi-
bly small for a finite value of the spin-orbit coupling even
in the thermodynamic limit. Finally, Figs. 2 and 3 allow
us to define the λCRIT for case A as being located in an
interval of rapid growth of the spin-orbital entanglement:
λCRIT/J ∼ (10−1 − 101).
While the nature of the quantum phase for large
spin-orbit coupling λ > λCRIT is discussed in detail in
Sec. V B, here we merely mention that in this case the
spin-orbital entanglement entropy saturates at the maxi-
mal possible value of 0.5 (about 0.49 for L = 8 site chain)
per site. Hence, we call this quantum phase a highly en-
tangled state. Besides, in this case also the absolute value
of the on-site spin-orbit correlation function OSO takes
its maximal value, while the spin (and orbital) correla-
tion function S (T ) is weakly AF (AO).
Next, we focus on the properties of the ground state
obtained for small λ < λCRIT. To this end we investigate
the evolution of the two other correlation functions, the
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FIG. 2. Evolution of the von Neumann spin-orbital entanglement entropy and the three spin-orbital correlation functions in
the ground state of Hamiltonian (1) with α = −β, calculated using ED with an L = 8-site chain for logarithmically increasing
spin-orbit coupling λ: (a) the von Neumann spin-orbital entanglement entropy SvN (9) for α ∈ [−1.0, 1.0]; (b) the intersite spin-
orbital correlation function CSO (4) for α ∈ [−1.0, 1.0]; (c) the on-site spin-orbit correlation function OSO (8) for α ∈ [−1.0, 1.0];
(d) the von Neumann spin-orbital entanglement entropy SvN (9) obtained with |α| = 0.5 [cut A in panel (a)] and fitted with a
logistic function (black thin line); (e) the von Neumann spin-orbital entanglement entropy SvN (9) obtained with α = 0 [cut B
in panel (a)]; (f) the spin correlation function S (5) for α ∈ [−1.0, 1.0].
on-site spin-orbit correlation function OSO and the spin
correlation function S, for λ < λCRIT and |α| = 0.5, see
Fig. 2(c, f). We observe that whereas the on-site spin-
orbit correlation function shows vanishingly small values
in this limit, the spin correlation function S ' 0.25 (S '
−0.45) for α = 0.5 (α = −0.5), thus behaving similarly
to 1D FM (AF) chain, respectively. We note that the
(unshown) analogous nearest neighbor orbital correlation
function T calculated for α = ±0.5 takes complementary
values to the spin correlation function for α = ∓0.5, i.e.,
T = −S. Such behavior is again observed for chains
of various lengths, with S(T ) better approximating the
expected AF Bethe Ansatz value for larger chains, see
Fig. 4. Altogether, this shows that the quantum phase
that is observed for λ < λCRIT qualitatively resembles
the phases obtained in the limit of λ = 0: the FM⊗AO
(AF⊗FO) for α = 0.5 (α = −0.5), respectively.
The above discussion contains just one caveat. Let us
look at the evolution of the anisotropic spin (and orbital)
correlation function Sγγ (and T γγ) with the increasing
spin-orbit coupling λ, see Fig. 4(a, c, e). We notice that
whenever λ/J > 0 for α = 0.5 there exist an anisotropy
between the zz (solid red lines) and the planar (xx, yy,
solid green lines) correlation functions—which is absent
for λ = 0. However, for λ/J <∼ 3 · 10−1 the anisotropy
is only partial, being absent in the strongly AF T γγ cor-
relations, in contrast to the Sγγ correlations. In fact,
Sδδ (where δ = x, y), stay positive as in λ = 0 case
while Szz becomes negative. In this way the energy com-
ing from the finite spin-orbit coupling is ‘minimized’ in
the ground state without qualitatively changing the na-
ture of the FM⊗AO and AF⊗FO ground states, allowing
however for a very small value of the spin–orbital entan-
glement. This is the reason why, in what follows, this
quantum phase is called a perturbed FM⊗AO product
state.
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FIG. 3. The intersite spin-orbital correlation function CSO
(green lines) and the on-site spin-orbit correlation function
OSO (red lines) as functions of λ calculated for: case A (left),
i.e., α = 0.5 [(a), (c), (e)] and case B (right), i.e., α = 0 [(b),
(d), (f)]. The ED results are shown for chains of length L = 4
(top), L = 8 (middle), and L = 12 (bottom). The dashed
lines represent the asymptotic values of the above correlation
functions: (i) the exact SU(4)–point limit λ = 0, α = β = 0.25
is denoted by CSU(4)SO and OSU(4)SO (blue and light–red dashed
lines); (ii) the λ = ∞, β = −α XY limit — by C˜SO and O˜SO
(dark–green and dark–red dashed lines). For further details
see discussion in Secs. IV B 1-IV B 2 and Sec. V B).
2. From SU(4) singlet to a highly entangled state
We now investigate how the von Neumann spin-orbital
entanglement entropy SvN evolves with the spin-orbit
coupling once α = 0 (case B): i.e. from its finite value
for the SU(4)–singlet ground state at λ = 0 [29, 52] to
an even higher value obtained in the limit of large λ/J
in the highly entangled state (i.e., the state already en-
countered in case A). To this end, we first note that the
von Neumann entropy SvN at α = 0 changes with the
spin-orbit coupling in a qualitatively different manner
than in the case of |α| = 0.5, see Fig. 2(e). While we
again encounter a monotonically growing function in λ,
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FIG. 4. The anisotropic spin correlation function Sγγ (7) and
orbital correlation function T γγ for increasing λ. The Sδδ
and T δδ (δ = x, y) components are marked by green color
while the Szz and T zz components are marked by red color.
The correlation functions are calculated for: case A (left), i.e.,
α = 0.5 [(a), (c), (e)] and case B (right), i.e., α = 0 [(b), (d),
(f)]. The ED results are shown for chains of length L = 4
(top), L = 8 (middle), and L = 12 (bottom). The asymptotic
values of the correlation functions in the limit λ = ∞ are
shown for both α = 0 and α = 0.5 case and denoted as
S˜δδ,S˜zz and T˜ δδ, T˜ zz, see discussion in Sec. V B for further
details.
which saturates at about 0.5 for λ/J >∼ 0.2, this function
seems to be discontinuous at two particular values of λ
and two ‘kinks’ (for L = 8 sites) can be easily identified
in Fig. 2(e). A similar behavior is encountered in the
qualitative measure for the von Neumann entropy—the
spin-orbital correlation function CSO, see Fig. 2(b) and
Fig. 3(b, d, f).
As a side note let us mention that once λ = 0 and
α = β = 0 model (1) has an SU(4)-symmetric ground
state, as confirmed by the remarkable convergence of the
functions CSO and OSO to their asymptotic values CSU(4)SO
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FIG. 5. Finite-size scaling of the boundaries of the interme-
diate entangled state: (a) the decreasing position of the ‘first
kink’ in CSO, (b) the increasing position of the ‘last kink’ in
CSO. The ED numerical results on L = 4, 8, 12 chains are
presented as dots; the line is the finite size scaling fit to the
numerical data.
and OSU(4)SO calculated at the exact SU(4) point α = β =
1/4, cf. Fig. 3(b, d, f). As the operator in the OSO
function is one of the generators of the SU(4) group, its
zero expectation value in the ground state is not only
related to the absence of the spin-orbit coupling but also
is a signature of the SU(4)-symmetric singlet [85].
It is clearly visible in Fig. 3(b, d, f) that the CSO and
OSO correlations split from their SU(4) singlet asymp-
totes in the subsequent kinks, which occur with the in-
creasing value of the spin-orbit coupling. Interestingly,
the number of kinks grows, and their position changes
with the system size, see Fig. 3(b, d, f). In fact, L/4
kinks are observed for a chain of length L = 4, 8, 12.
This naturally suggests that in the infinite system the
number of kinks will be infinite. But what about the
position of the ‘first’ and the ‘last’ kink in the thermo-
dynamic limit? The finite size scaling performed here,
see Fig. 5, suggests that the position of the ‘first’ (‘last’)
kink would then shift to λ/J ' 0 (λ/J ' 0.2), respec-
tively. Therefore for the case B we define λCRIT as a
single number: λCRIT/J ' 0.2. Altogether, this means
that the quantum phase encountered for 0 < λ < λCRIT
does not disappear in the thermodynamic limit and that
its spin-orbital entanglement grows with the increasing
spin-orbit coupling in a continuous way. To contrast this
intermediate phase with the one showing the maximal
value of entanglement, we call it an intermediate entan-
gled state.
To better understand the properties of this phase,
we also consider the spin correlation function S, the
anisotropic spin Sγγ and the orbital T γγ correlation func-
tions, see Fig. 2(c, f), Fig. 3(b, d, f), and Fig. 4(b, d, f).
Similarly to the von Neumann entropy, OSO or CSO, also
these correlation functions show kinks due to finite-size
effects which are expected to disappear in the thermo-
dynamic limit. Noticeably, the behavior of S, Sγγ , and
T γγ is quite distinct w.r.t. the one observed both for
the highly entangled phase and seemingly for the per-
turbed FM⊗AO or AF⊗FO phases. This shows that the
intermediate entangled phase observed at α = 0 and for
0 < λ < λCRIT is indeed qualitatively different and con-
stitutes a ‘genuine’ quantum phase.
3. Summary
We have discussed in detail the evolution of the spin-
orbital entanglement, and its impact on the quantum
phases, with the increasing value of the spin-orbit cou-
pling λ for two representative values of the parameter
α. We can now extend the above reasoning to the other
values of α, keeping β = −α. However, in order to ob-
tain a quantum phase diagram of the model we still need
to investigate whether the transitions between the ob-
tained ground states could be regarded as phase transi-
tions or are rather just of the crossover type. Dependence
of the ground states energy on the model parameters (see
Fig. 6) as well as the analytic characteristics of the von
Neumann entropy [see Fig. 6(d-e); cf. Refs [86, 87]] sug-
gest that the transitions along cuts A and B [Fig. 2(a)]
are of distinct character. Whereas in case A the energy
(as well as the von Neumann entropy) shows an analytic
behavior across the transition, in case B such behavior
(both of energy as well as in von Neumann entropy) is
clearly non-analytic. This points to a crossover (phase)
transition in case A (B), respectively. We also note that
the numerical results suggest that the intermediate en-
tangled phase is separated from the perturbed phases
by a phase transition [Fig. 6(c)] and that the highly en-
tangled phase can indeed be regarded as a qualitatively
unique phase, irrespectively of the value of α—provided
that β = −α and that λ > λCRIT [Fig. 6(d)].
Altogether, this allows us to draw, on a qualitative
level, a quantum phase diagram in the {α, λ} parameter
space (with β = −α), see Fig. 7 (colorful vertical plane).
As already discussed in Sec. IV, there are four distinct
ground states (first two shown on Fig. 7 in blue, and
the other two in green and red, respectively): (i) the
perturbed FM⊗AO state for α >∼ 0.1 and λ < λCRIT,
(ii) the perturbed AF⊗FO state for α <∼ −0.1 and λ <
λCRIT, (iii) the intermediate entangled state for |α| <∼ 0.1
and 0 < λ < λCRIT, and (iv) the highly entangled state
for λ > λCRIT and for all values of α. The latter state is
discussed in more detailed in the Sec. V. The four clearly
distinct states are supplemented by two crossover regimes
(shown in yellow on Fig. 7), which separate phases (i-ii)
from phase (iv) —see also discussion above.
It is instructive to place the above phase diagram in
the context of the one already known from the literature
and obtained for Hamiltonian (1) in the limit of the van-
ishing spin-orbit coupling λ but varying values of both α
and β [29, 39, 52, 66–75]. As can be seen on the hori-
zontal plane of Fig. 7, the λ = 0 phase diagram consists
of three simple product phases (AF⊗FO, FM⊗AO and
FM⊗FO) as well as two spin-orbital entangled phases
(cf. Fig. 1): a phase with previously mentioned ‘global’
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FIG. 6. The energy of the ground and low lying excited states
obtained for model (1) using ED on L = 4 site chain: as a
function of increasing λ/J on the top panels [(a): case A, i.e.,
α = 0.5, (b) case B, i.e. α = 0] and as a function parameter
α on the bottom panels [(c): λ/J = 0.1, (d): λ/J = 10.
SU(4)-symmetric singlet ground state and gapless exci-
tations [68] and a phase with the ground state breaking
the Z2 symmetry and opening a finite gap by forming
the two nonequivalent patterns of the spin and orbital
dimers [29, 52].
V. DISCUSSION: THE LIMIT OF LARGE λ
A. Effective XXZ model
To better understand the numerical results obtained in
Sec. IV for the Hamiltonian (1) in the limit of the large
spin-orbit coupling λ > λCRIT, we derive an effective
low-energy description of the system. In fact, as already
discussed in Introduction, such an approach has become
extremely popular in describing the physics of the iridium
oxides [61], for it has lead to the description of the latter
in terms of effective Heisenberg or Kitaev-like models.
To obtain such an effective description for the case of
large spin-orbit coupling λ > λCRIT, we first obtain the
eigenstates of the spin-orbit coupling Hamiltonian (3):
these are two doublets, separated by the gap ∆E = λ.
Next, we restrict the Hilbert space to the lowest doublet
{|↑−〉, |↓+〉}, where |↓〉 (|−〉) denotes the state with Sz =
−1/2 (T z = −1/2) quantum number. Lastly, we project
the intersite Hamiltonian (2) onto the lowest doublet (see
Appendix for details) and obtain the following effective
model:
Heff = J
2
∑
i
(
J˜xi J˜
x
i+1 + J˜
y
i J˜
y
i+1 + 2(α+ β)J˜
z
i J˜
z
i+1
)
,
(11)
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FIG. 7. A sketch of the quantum phase diagram of Hamilto-
nian (1) in the here-discussed regime of the parameters. The
limit of α = −β is depicted by the colorful vertical plane and
is based on the results from Sec. IV B: whereas the four dis-
tinct phases are depicted with their names and separated by
solid lines (IES stands for the intermediate entangled state),
the two crossover regimes are denoted by yellow color and
separated by the dashed lines. The limit λ = 0 is depicted
by the horizontal plane and is adopted from Fig. 1 of Ref.
[52]—see text for further details. We note that the shape of
the phase boundaries depends on the logarithmic scale of λ,
chosen here for convenience.
where J˜zi = − 12
(
ni,|↑−〉 + ni,|↓+〉
)
is an effective J˜z = 1/2
pseudospin operator.
Interestingly, it turns out that this effective Hamilto-
nian describes exactly a spin 1/2 XXZ chain. Moreover, in
the limit of α = −β the Ising interaction in Eq. (11) dis-
appears and we obtain an antiferromagnetic XY model.
Thus, resembling the iridate case [61], the effective model
in the limit of large spin-orbit coupling has a surprisingly
simple form.
B. Validity of the effective XXZ model:
benchmarking α = −β case
First, let us show that the effective XXZ model indeed
gives the correct description of the ground state of the full
spin-orbital model (1) in the limit of λ > λCRIT. To this
end, we compare the spin-orbital correlation functions
calculated using the effective and the full models.
We first express the spin-orbital correlation function
CSO, the on-site spin-orbit correlation function OSO, and
the anisotropic spin (orbital) correlation functions Sγγ
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FIG. 8. The zero-temperature phase diagram of the effective XXZ model (11) as a function of the model parameters α and β
obtained using ED on a L = 10 site chain. The panels present the correlations: (a) 〈J˜iJ˜j〉; (b) 〈J˜δi J˜δj〉 with δ = x, y; (c) 〈J˜zi J˜zj 〉.
The labels depict various ground states of the 1D XXZ model: AF H—the Heisenberg antiferromagnet, AF Ising—the Ising
antiferromagnet, XY—the XY antiferromagnet, FM Ising—the Ising ferromagnet.
(T γγ) in the basis spanned by the two lowest doublets
per site {|↑−〉, |↓+〉}—see the Appendix for the explicit
formula. Next, we compare the values of the correlation
functions in the two special α = −β cases, already dis-
cussed above: (i) case A with |α| = 0.5, and (ii) case B
with α = 0. As can be seen in Fig. 3 and Fig. 4, the cor-
relation functions calculated using the two distinct mod-
els agree extremely well once λ/J >∼ 1–100 (λ/J >∼ 0.2)
in case A (B), respectively. We note that calculations
performed for other values of the {α, β} parameters (un-
shown) also show that the effective model describes the
ground state properties in the limit of λ > λCRIT well.
Moreover, once λ/J ' 106, the ground and lowest lying
excited states are quantitatively the same in the full and
the effective models.
C. Why the spin-orbital entanglement can vanish
Having derived the effective model—and having shown
its validity—we now discuss how it can help us with un-
derstanding one of the crucial results of the paper: How
can the spin-orbital entanglement vanish in the limit of
large spin-orbit coupling λ > λCRIT?
We start by expressing the measure for the spin-orbital
entanglement for nearest neighbors, the spin-orbital cor-
relation CSO, in the basis of the effective model (see Ap-
pendix for details):
C˜SO = 1
2L
L∑
i=1
[
〈J˜xi J˜xi+1 + J˜yi J˜yi+1〉 − 2〈J˜zi J˜zi+1〉2 +
1
8
]
,
(12)
where the averages are calculated in the ground state.
To evaluate Eq. (12), we calculate expectation values
of the effective pseudospin operators using ED, which we
show in Fig. 8. (We note in passing that the presented
ED results for an XXZ L = 10 site chain agree well with
those which were published earlier, cf. Ref. [88].) The ob-
tained ground state of the effective Hamiltonian (11) for
α+β < −1/2 is described by a ferromagnetic Ising state,
where 〈J˜zi J˜zi+1〉 = 1/4 and all other correlations vanish.
Substituting these into Eq. (12) explains why CSO = 0
in the ground state of model (1) in the limit of large
λ > λCRIT and when restricted to α+β < −1/2. In con-
clusion, the spin-orbital entanglement for α + β < −1/2
vanishes because not only the on-site interaction between
spins and orbitals but also the intersite interactions in the
ground state are of purely Ising type, and effectively the
ground state is just a product state with no spin-orbital
entanglement.
D. Why the spin-orbital entanglement can be finite
The effective model (11) can also be used to explain the
presence of finite spin-orbital entanglement in the limit of
large spin-orbit coupling λ > λCRIT while it vanishes in
the λ = 0 limit. Let us first look at the already discussed
in detail β = −α case:
In this case and in the λ = 0 limit, the term in (2)
which is explicitly responsible for the spin-orbital entan-
glement, SiSjTiTj , can become relatively small for large
α or β due to the presence of the αTiTj and βSiSj terms.
Consequently, the region of significant spin-orbital entan-
glement is quite small without spin-orbit coupling along
the β = −α line, see Fig. 1(a). This situation, however,
drastically changes in the limit of large λ > λCRIT, as
discussed below.
Specifically, downfolding the exchange Hamiltonian (2)
term by term onto the effective Hamiltonian (11) should
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reveal the origin of the spin-orbital entanglement in the
large spin-orbit coupling limit. First, the αTiTj and
βSiSj terms of Eq. (2) upon projecting onto spin-orbit
coupled basis produce αJ˜zi J˜
z
j and βJ˜
z
i J˜
z
j , resulting in the
Ising terms in the effective model (11). Note that in the
case that β = −α, these Ising terms disappear. Second,
the term responsible for the spin-orbital entanglement,
i.e. SiSjTiTj (cf. above), reduces exactly to the XY
terms in the effective model. These terms do not vanish
once β = −α. In fact, in this special limit the whole
effective Hamiltonian is obtained from the term that is
fully responsible for the spin-orbital entanglement in the
original Hamiltonian. Finally, as the ground state of the
XY Hamiltonian carries ‘spatial entanglement’ in pseu-
dospins J˜ , we expect the spin-orbital entanglement to be
finite in the limit of large spin-orbit coupling λ > λCRIT
and once β = −α.
The above reasoning is confirmed by calculating the
two contributions to the intersite spin-orbital correlation
function C˜SO in the effective model once β = −α. This
can be done analytically for the XY model: 〈J˜zi J˜zi+1〉 =
−1/pi2 and 〈J˜xi J˜xi+1〉 = 〈J˜yi J˜yi+1〉 = −1/(2pi). (These
results agree with the correlations calculated using ED
and presented in Fig. 8.)
The above discussion can now be extended to the case
that β 6= −α and α+ β > −1/2, for which finite, though
increasingly small for large and positive α + β, spin-
orbital entanglement can be observed, see Fig. 1(c). Such
result can be understood by using the effective model
and by noting that the intersite spin-orbital correlation
C˜SO is always finite provided that α + β is finite and
α+ β > −1/2. This is because in this limit: (i) the cor-
relations 〈J˜xi J˜xi+1〉 = 〈J˜yi J˜yi+1〉 are nonzero, see Fig. 8(b);
(ii) 〈J˜zi J˜zi+1〉 6= 1/4, see Fig. 8(c). It is then only in the
limit α+ β →∞ that the spin-orbital entanglement can
vanish, for the ground state of the XXZ model is ‘pure’
Ising antiferromagnet. (A completely different situation
occurs once α + β < −1/2, i.e. for the ferromagnetic
ground state of the effective XXZ model, as already dis-
cussed in the previous subsection—that explains why the
spin-orbital entanglement can ‘sometimes’ vanish even in
the limit of large spin-orbit coupling λ > λCRIT.)
VI. CONCLUSIONS
A. Entanglement induced by spin-orbit coupling
In conclusion, in this paper we studied the spin-orbital
entanglement in a Mott insulator with spin and orbital
degrees of freedom. We investigated how the spin-orbital
entanglement gradually changes with the increasing value
of the on-site spin-orbit coupling. The results, obtained
by exactly diagonalizing a 1D model with the intersite
SU(2)⊗SU(2) spin-orbital superexchange ∝ J and the
on-site Ising-type spin-orbit coupling ∝ λ, reveal that:
1. For small λ < λCRIT[89]:
(a) In general, the spin-orbital entanglement in
the ground state is not much more robust than
in the λ = 0 case;
(b) If the ground state had finite spin-orbital en-
tanglement for λ = 0, it is driven into a novel
spin-orbital strongly entangled phase upon in-
creasing λ;
(c) If the ground state did not show spin-orbital
entanglement for λ = 0, it still shows none
or negligible spin-orbital entanglement upon
increasing λ.
2. In the limit of large λ > λCRIT:
(a) In general, the spin-orbital entanglement in
the ground state is far more robust than in
the λ = 0 case;
(b) The ground state may be driven into a novel
spin-orbitally entangled phase even if it does
not show spin-orbital entanglement for λ = 0;
(c) The ground state may still show vanishing
spin-orbital entanglement, but only if the
quantum fluctuations vanish in the ground
state of an effective model (as is the case of
an Ising ferromagnet).
The statements mentioned under point 2. above, con-
cerning λ > λCRIT, constitute, from the purely theo-
retical perspective, the main results of this paper. In
particular, they mean that: (i) the spin-orbital entan-
glement between spins and orbitals on different sites can
be triggered by a joint action of the on-site spin-orbit
coupling (of relativistic origin) and the spin-orbital ex-
change (of the ‘Kugel-Khomskii’–type); (ii) and yet, the
onset of the spin-orbital entanglement in such a model
does not have to be taken ‘for granted’, for it can vanish
even in the large spin-orbit coupling limit. Crucially, we
have verified that the spin-orbital entanglement can be
induced by the spin-orbit coupling, for the latter interac-
tion may enhance the role played by the spin-orbitally en-
tangled (SiSj)(TiTj) term by ‘quenching’ the bare spin
(SiSj) and orbital (TiTj) exchange terms in an effective
low-energy Hamiltonian valid in this limit. Interestingly,
such mechanism can be valid even if the spin-orbit cou-
pling has a purely ‘classical’ Ising form (as for example
in the case discussed in this paper). For a more intu-
itive explanation of these results, in Sec. V we presented
a detailed analysis of the effective low-energy pseudospin
XXZ model.
B. Consequences for correlated materials
The results presented here may play an important role
in the understanding of the correlated systems with non-
negligible spin-orbit coupling—such as e.g. the 5d iri-
dates, 4d ruthenates, 3d vanadates, the 2p alkali hyper-
oxides, and other to-be-synthesized materials. To this
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end, we argue that, even though obtained for a specific
1D model, some of the results presented here are to a
large extent valid also for these 2D or 3D systems.
First, this is partially the case for the results obtained
in the limit of large λ > λCRIT. In particular, both the
mapping to the effective model and the main conclusions
from Secs. IVC and IVD, which are based on the phase
diagram of the effective XXZ model, are also valid in
2D and 3D cases. This means that, for example, the re-
sults obtained here would apply to any Mott insulator
with two active t2g orbitals with small Hund’s coupling
and with λ > λCRIT (such as e.g. Sr2VO4 [81]). Natu-
rally, the question remains to what extent one could use
the reasoning discussed here to the understanding of the
spin-orbital ground state of the probably most famous
Mott insulators with active orbital degrees of freedom
and large spin-orbit coupling—the 5d iridates (such as
e.g. Sr2IrO4 [41], Na2IrO3, Li2IrO3, etc. [50]). Here we
suggest that, while the situation in the iridates might
be quite different in detail and requires solving a spin-
orbital model with three active t2g orbitals and a SU(2)-
symmetric spin-orbit coupling, in our opinion the obser-
vation that the spin-orbital entanglement in the ground
state can be induced by the interplay of the on-site large
spin-orbit coupling and spin-orbital exchange should also
hold in that case, for it is a very generic mechanism.
Second, we suggest that also the fact that the spin-
orbit coupling does not induce additional spin-orbital en-
tanglement in the limit of small λ < λCRIT will carry on
to higher dimensions and to spin-orbital models of lower
symmetry—for a priori there is no reason why the ten-
dency observed in a 1D (and highly symmetric) model,
towards a ‘more classical’ behavior should fail in dimen-
sions higher than one (and more anisotropic models).
Thus, in general the spin-orbital entanglement of the sys-
tems with weak spin-orbit coupling λ < λCRIT, such as
e.g. the alkali hyperoxides with two active ‘molecular’
2p orbitals (e.g. KO2 [82]), and perhaps some of the 4d
ruthenates (provided that they indeed have small enough
spin-orbit coupling λ w.r.t. the spin-orbital exchange J),
should not qualitatively depend on the value of spin-orbit
coupling. This means that, to simplify the studies one
may, in the first order of approximation, neglect the spin-
orbit coupling in the effective models for these materials.
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APPENDIX: EFFECTIVE XXZ MODEL
Let us consider the Hamiltonian (1) of the main text:
H = HSE +HSOC, (13)
where the intersite interaction HSE and on-site spin-orbit
coupling are described by
HSE = J
∑
i
[(Si · Si+1+ α)(Ti ·Ti+1+ β)− αβ] ,
(14)
HSOC = 2λ
∑
i
Szi T
z
i . (15)
The characteristic scales for HSE and HSOC are intersite
exchange parameter J and on-site SOC λ, respectively.
In the strong spin-orbit coupling limit, λ > λCRIT, HSE
can be considered as a perturbation to HSOC. The eigen-
states of the full Hamiltonian (13) in zeroth-order are
then obtained by the diagonalization of the on-site spin-
orbit part HSOC. In our simple case HSOC is already di-
agonal with two doubly – degenerate energies ±λ/2. The
corresponding eigenstates defined by total momentum J˜
form two doublets. The lower energy doublet consists of
J˜↓ = |+↓〉,
J˜↑ = | − ↑〉
while the higher doublet is given by:
J˜
′
↑ = |+ ↑〉,
J˜
′
↓ = | − ↓〉.
Here, |↑〉 (|+〉) denotes the state with Sz = 1/2 (T z =
1/2) quantum number. The on-site basis transformation
between the spin and orbital {|T z, Sz〉} = {|+↑〉, |+↓〉, |−
↑〉, | − ↓〉} basis and spin-orbit coupled {J˜↓, J˜↑, J˜ ′↑, J˜
′
↓}
basis consisting of two doublets is described by a unitary
matrix
U =
 0 0 1 01 0 0 00 1 0 0
0 0 0 1
 . (16)
We then project the Hamiltonian (14) onto spin-orbit
coupled basis {J˜ ,J˜ ′}: HSOCSE = U†HSEU . As we are in-
terested in the low-energy physics, we truncate Hilbert
13
space to the lowest doublet J˜ and obtain effective Hamil-
tonian (11) from the main text:
Heff = J
2
∑
i
(
J˜xi J˜
x
i+1 + J˜
y
i J˜
y
i+1 + 2(α+ β)J˜
z
i J˜
z
i+1
)
.
(17)
To analyze the effective model (17) and obtain impor-
tant correlation functions, we first need to establish a
link between operators describing correlation functions
in original {|T z, Sz〉} basis and spin-orbit coupled {J˜ ,J˜ ′}
basis. To this end, we project each of the spin/orbital
operators Or = {Sγr , T γr }, γ = {x, y, z}, r = {i, i + 1}
entering the original correlation functions (4) – (8) onto
spin-orbit coupled basis: OSOCr = U†OrU . As most of
the correlation functions include intersite terms, the re-
sult shall be written as a 16 × 16 matrix, spanned by
{J˜ ,J˜ ′}i × {J˜ ,J˜ ′}j basis.
We then once again drop out the high-energy doublet
on each site and obtain correlation functions as 4 × 4
matrices defined in Hilbert space of {J˜}i × {J˜}j :
S˜ = T˜ =
〈
1
4 0 0 0
0 − 14 0 0
0 0 − 14 0
0 0 0 14

〉
= 〈J˜zi J˜zj 〉,
S˜δδ = T˜ δδ =
〈0 0 0 00 0 0 00 0 0 0
0 0 0 0
〉 = 0,
where δ = {x, y},
S˜zz = T˜ zz =
〈
1
4 0 0 0
0 − 14 0 0
0 0 − 14 0
0 0 0 14

〉
=
〈
J˜zi J˜
z
j
〉
,
C˜SO =
〈
1
16 0 0 0
0 116
1
4 0
0 14
1
16 0
0 0 0 116

〉
−

〈
1
4 0 0 0
0 − 14 0 0
0 0 − 14 0
0 0 0 14

〉
2
=
1
2
〈J˜xi J˜xj + J˜yi J˜yj 〉+
1
16
− 〈J˜zi J˜zj 〉2.
To express the on-site spin-orbit correlation function
OSO, which does not include intersite terms, in the same
basis, we multiply it by a 2×2 identity matrix represent-
ing the neighboring site:
O˜SO,i ⊗ idj =
〈
− 14 0 0 0
0 − 14 0 0
0 0 − 14 0
0 0 0 − 14

〉
= −1
4
.
[1] D. I. Khomskii, Basic Aspects of the Quantum Theory of
Solids: Order and Elementary Excitations (Cambridge
University Press, Cambridge, 2010).
[2] T. Andrade, A. Krikun, K. Schalm, and J. Zaanen, Na-
ture Physics 14, 1049 (2018).
[3] J. Zaanen, SciPost Phys. 6, 61 (2019).
[4] L. Balents, Nature 464, 199 (2010).
[5] C. Varma, Z. Nussinov, and W. van Saarloos, Physics
Reports 361, 267 (2002).
[6] A. Einstein, B. Podolsky, and N. Rosen, Phys. Rev. 47,
777 (1935).
[7] H. Ollivier and W. H. Zurek, Phys. Rev. Lett. 88, 017901
(2001).
[8] I. Bentsson and K. Zyczkowski, Geometry of Quan-
tum States: An Introduction to Quantum Entanglement
(Cambridge University Press, Cambridge, 2006).
[9] C. H. Bennett, H. J. Bernstein, S. Popescu, and B. Schu-
macher, Phys. Rev. A 53, 2046 (1996).
[10] G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Phys.
Rev. Lett. 90, 227902 (2003).
[11] V. E. Korepin, Phys. Rev. Lett. 92, 096402 (2004).
[12] M. M. Wolf, Phys. Rev. Lett. 96, 010404 (2006).
[13] D. Gioev and I. Klich, Phys. Rev. Lett. 96, 100503
(2006).
[14] J. I. Lattore, E. Rico, and G. Vidal, Quantum Informa-
tion & Computation 4, 48 (2004).
[15] L. Cincio, J. Dziarmaga, and M. M. Rams, Phys. Rev.
Lett. 100, 240603 (2008).
[16] R. Thomale, D. P. Arovas, and B. A. Bernevig, Phys.
Rev. Lett. 105, 116805 (2010).
[17] G. Khaliullin and S. Maekawa, Phys. Rev. Lett. 85, 3950
(2000).
[18] G. Khaliullin, P. Horsch, and A. M. Oles´, Phys. Rev.
Lett. 86, 3879 (2001).
[19] G. Khaliullin, Prog. Theor. Phys. Suppl. 160, 155 (2005).
[20] S. Nakatsuji, K. Kuga, K. Kimura, R. Satake,
N. Katayama, E. Nishibori, H. Sawa, R. Ishii, M. Hagi-
wara, F. Bridges, T. U. Ito, W. Higemoto, Y. Karaki,
M. Halim, A. A. Nugroho, J. A. Rodriguez-Rivera, M. A.
Green, and C. Broholm, Science 336, 559 (2012).
[21] Y. Ishiguro, K. Kimura, S. Nakatsuji, S. Tsutsui, A. Q. R.
Baron, T. Kimura, and Y. Wakabayashi, Nature Com-
munications 4, 2022 (2013).
[22] H. Man, M. Halim, H. Sawa, M. Hagiwara, Y. Wak-
abayashi, and S. Nakatsuji, J. Phys.: Condens. Matter
30, 443002 (2018).
[23] B. Y. Pan, H. Jang, J.-S. Lee, R. Sutarto, F. He, J. F.
Zeng, Y. Liu, X. W. Zhang, Y. Feng, Y. Q. Hao, J. Zhao,
H. C. Xu, Z. H. Chen, J. P. Hu, and D. L. Feng, Phys.
Rev. X 9, 021055 (2019).
[24] B. Normand and A. M. Oles´, Phys. Rev. B 78,
094427 (2008); B. Normand, ibid. 83, 064413 (2011);
14
J. Chaloupka and A. M. Oles´, ibid. 83, 094406 (2011).
[25] P. Corboz, M. Lajko´, A. M. La¨uchli, K. Penc, and
F. Mila, Phys. Rev. X 2, 041013 (2012).
[26] W. Brzezicki, J. Dziarmaga, and A. M. Oles´, Phys. Rev.
Lett. 109, 237201 (2012).
[27] A. M. Oles´, P. Horsch, L. F. Feiner, and G. Khaliullin,
Phys. Rev. Lett. 96, 147205 (2006).
[28] A. M. Oles´, J. Phys.: Condens. Matter 24, 313201 (2012).
[29] Y. Chen, Z. D. Wang, Y. Q. Li, and F. C. Zhang, Phys.
Rev. B 75, 195113 (2007).
[30] J. B. Goodenough, Magnetism and the Chemical Bond
(Interscience, New York, 1963).
[31] J. Kanamori, Journal of Physics and Chemistry of Solids
10, 87 (1959).
[32] S. Miyasaka, Y. Okimoto, and Y. Tokura, J. Phys. Soc.
Jpn. 71, 2082 (2002).
[33] G. Khaliullin, P. Horsch, and A. M. Oles´, Phys. Rev. B
70, 195103 (2004).
[34] M. Snamina and A. M. Oles´, New J. Phys. 21, 023018
(2019).
[35] J. Schlappa, K. Wohlfeld, K. J. Zhou, M. Mourigal,
M. W. Haverkort, V. N. Strocov, L. Hozoi, C. Mon-
ney, S. Nishimoto, S. Singh, A. Revcolevschi, J. Caux,
L. Patthey, H. M. Rnnow, J. van den Brink, and
T. Schmitt, Nature 485, 82 (2012).
[36] V. Bisogni, K. Wohlfeld, S. Nishimoto, C. Monney,
J. Trinckauf, K. Zhou, R. Kraus, K. Koepernik, C. Sekar,
V. Strocov, B. Bu¨chner, T. Schmitt, J. van den Brink,
and J. Geck, Phys. Rev. Lett. 114, 096402 (2015).
[37] K. Wohlfeld, M. Daghofer, S. Nishimoto, G. Khaliullin,
and J. van den Brink, Phys. Rev. Lett. 107, 147201
(2011).
[38] K. Wohlfeld, S. Nishimoto, M. W. Haverkort, and
J. van den Brink, Phys. Rev. B 88, 195138 (2013).
[39] C.-C. Chen, M. van Veenendaal, T. P. Devereaux, and
K. Wohlfeld, Phys. Rev. B 91, 165102 (2015).
[40] W. Witczak-Krempa, G. Chen, Y. B. Kim, and L. Ba-
lents, Annual Review of Condensed Matter Physics 5, 57
(2014).
[41] J. Bertinshaw, Y. K. Kim, G. Khaliullin, and B. J. Kim,
Annu. Rev. Condens. Matter Physics 10, 315 (2019).
[42] H. Ishikawa, T. Takayama, R. K. Kremer, J. Nuss,
R. Dinnebier, K. Kitagawa, K. Ishii, and H. Takagi,
Phys. Rev. B 100, 045142 (2019).
[43] E. Lefranc¸ois, A.-M. Pradipto, M. Moretti Sala, L. C.
Chapon, V. Simonet, S. Picozzi, P. Lejay, S. Petit, and
R. Ballou, Phys. Rev. B 93, 224401 (2016).
[44] K. Kitagawa, T. Takayama, Y. Matsumoto, A. Kato,
R. Takano, Y. Kishimoto, S. Bette, R. Dinnebier,
G. Jackeli, and H. Takagi, Nature 554, 341 (2018).
[45] C. N. Veenstra, Z.-H. Zhu, M. Raichle, B. M. Lud-
brook, A. Nicolaou, B. Slomski, G. Landolt, S. Kittaka,
Y. Maeno, J. H. Dil, I. S. Elfimov, M. W. Haverkort, and
A. Damascelli, Phys. Rev. Lett. 112, 127002 (2014).
[46] G. Zhang, E. Gorelov, E. Sarvestani, and E. Pavarini,
Phys. Rev. Lett. 116, 106402 (2016).
[47] G. Khaliullin, Phys. Rev. Lett. 111, 197201 (2013).
[48] A. Jain, M. Krautloher, J. Porras, G. H. Ryu, D. P. Chen,
D. L. Abernathy, J. T. Park, A. Ivanov, J. Chaloupka,
G. Khaliullin, B. Keimer, and B. J. Kim, Nature Physics
13, 633 (2017).
[49] J. Chaloupka, G. Jackeli, and G. Khaliullin, Phys. Rev.
Lett. 105, 027204 (2010).
[50] S. M. Winter, A. A. Tsirlin, M. Daghofer, J. van den
Brink, Y. Singh, P. Gegenwart, and R. Valent´ı, Journal
of Physics: Condensed Matter 29, 493002 (2017).
[51] A. Kitaev, Annals of Physics 321, 2 (2006).
[52] R. Lundgren, V. Chua, and G. A. Fiete, Phys. Rev. B
86, 224422 (2012).
[53] W.-L. You, A. M. Oles´, and P. Horsch, Phys. Rev. B 86,
094412 (2012).
[54] A. M. La¨uchli and J. Schliemann, Phys. Rev. B 85,
054403 (2012).
[55] W.-L. You, P. Horsch, and A. M. Oles´, Phys. Rev. B 92,
054423 (2015).
[56] W.-L. You, A. M. Oles´, and P. Horsch, New J. Phys. 17,
083009 (2015).
[57] V. E. Valiulin, A. V. Mikheyenkov, K. I. Kugel, and
A. F. Barabanov, JETP Letters 109, 546 (2019).
[58] K. I. Kugel and D. I. Khomskii, Sov. Phys. Usp. 25, 231
(1982).
[59] Note that in Ref. [52] the impact of relatively small
spin-orbit coupling on the entanglement spectra was dis-
cussed.
[60] E. M. Pa¨rschke and R. Ray, Phys. Rev. B 98, 064422
(2018).
[61] G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 102,
017205 (2009).
[62] M. V. Eremin, J. Deisenhofer, R. M. Eremina,
J. Teyssier, D. van der Marel, and A. Loidl, Phys. Rev.
B 84, 212407 (2011).
[63] J. Choukroun, Phys. Rev. B 84, 014415 (2011).
[64] C. Svoboda, M. Randeria, and N. Trivedi, Phys. Rev. B
95, 014409 (2017).
[65] A. Koga, S. Nakauchi, and J. Nasu, Phys. Rev. B 97,
094427 (2018).
[66] B. Sutherland, Phys. Rev. B 12, 3795 (1975).
[67] Y. Yamashita, N. Shibata, and K. Ueda, Phys. Rev. B
58, 9114 (1998).
[68] Y.-Q. Li, M. Ma, D.-N. Shi, and F.-C. Zhang, Phys. Rev.
B 60, 12781 (1999).
[69] A. K. Kolezhuk and H.-J. Mikeska, Phys. Rev. Lett. 80,
2709 (1998).
[70] A. K. Kolezhuk, H.-J. Mikeska, and U. Schollwo¨ck, Phys.
Rev. B 63, 064418 (2001).
[71] D. P. Arovas and A. Auerbach, Phys. Rev. B 52, 10114
(1995).
[72] S. K. Pati, R. R. P. Singh, and D. I. Khomskii, Phys.
Rev. Lett. 81, 5406 (1998).
[73] C. Itoi, S. Qin, and I. Affleck, Phys. Rev. B 61, 6747
(2000).
[74] W. Zheng and J. Oitmaa, Phys. Rev. B 64, 014410
(2001).
[75] P. Li and S.-Q. Shen, Phys. Rev. B 72, 214439 (2005).
[76] K. I. Kugel, D. I. Khomskii, A. O. Sboychakov, and S. V.
Streltsov, Phys. Rev. B 91, 155125 (2015).
[77] A. V. Gorshkov, M. Hermele, V. Gurarie, C. Xu, P. S.
Julienne, J. Ye, P. Zoller, E. Demler, M. D. Lukin, and
A. M. Rey, Nature Physics 6, 289 (2010).
[78] X. Zhang, M. Bishof, S. L. Bromley, C. V. Kraus, M. S.
Safronova, P. Zoller, A. M. Rey, and J. Ye, Science 345,
1467 (2014).
[79] X. Dou, V. N. Kotov, and B. Uchoa, Scientific Reports
6, 31737 (2016).
[80] P. Horsch, G. Khaliullin, and A. M. Oles´, Phys. Rev.
Lett. 91, 257203 (2003).
[81] G. Jackeli and G. Khaliullin, Phys. Rev. Lett. 103,
067205 (2009).
15
[82] I. V. Solovyev, New J. Phys. 10, 013035 (2008).
[83] E. Koch, The Lanczos Method, in: The LDA+DMFT
approach to strongly correlated materials, edited by E.
Pavarini, E. Koch, D. Vollhardt, and A. Lichtenstein
(Forschungszentrum Ju¨lich, Ju¨lich, 2011).
[84] A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404
(2006).
[85] Y. Q. Li, M. Ma, D. N. Shi, and F. C. Zhang, Phys. Rev.
Lett. 81, 3527 (1998).
[86] A. Osterloh, L. Amico, G. Falci, and R. Fazio, Nature
416, 608 (2002).
[87] X. Jia, A. R. Subramaniam, I. A. Gruzberg, and
S. Chakravarty, Phys. Rev. B 77, 014208 (2008).
[88] K. Hijii, A. Kitazawa, and K. Nomura, Phys. Rev. B 72,
014449 (2005).
[89] λCRIT depends on the particular values of the model pa-
rameters, see Sec. IV B.
